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Abstract: In this paper we study geometric aspects of Riemannian manifolds for which the identity is an
ε-equilibrium map for sufficiently small ε > 0. We mainly prove that compact connected Riemannian ma-
nifolds for which the identity is an ε-equilibrium map for sufficiently small ε > 0 are ball-homogeneous.
We derive a sequence of necessary conditions on the volume density function of these manifolds.
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1. Introduction
In his paper “Equilibrium maps between metric spaces” (see [5]), J. Jost has defined ε-
equilibrium maps using the notion of center of mass and considering measures with supports
contained in convex balls (for example sufficiently small balls), or maps with images in sim-
ply connected and nonpositive curved manifolds. He proved that ε-equilibrium maps are also
critical points of ε-energy functional.
We consider in the definition of Jost a family of measures induced from the volume element
and we examine Riemannian manifolds for which the identity is an ε-equilibrium map with
respect to this family of measures. (M, g) be a compact Riemannian manifold and ε > 0 a
real number sufficiently small. Let µ be the volume element on (M, g) and B(x, ε) the ball
with center x ∈ M and radius ε. Consider the measure µεx equal to µ on B(x, ε) and zero on
M \ B(x, ε). We say that (M, g) satisfies the property (Iε) if each point x ∈ M is center of
mass of the identity map with respect to µεx . For x ∈ M and sufficiently small ε > 0 consider
the vector
H(x, ε) =
∫
B(x,ε)
exp −1x y dµ(y) ∈ Tx M .
The variations (with respect to ε) of H(x, ε) lead to the equation
1
4ε3
∂
∂ε
H(x, ε)− 1
4ε2
∂
∂ε2
H(x, ε) = ∇ ∂
∂ε
m̂(x, ε), (∗)
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where m̂(x, ε) is the volume of the ball B(x, ε) and ∇ denotes the gradient operator with
respect to x . We deduce from (∗) that if (M, g) is connected and satisfies the property (Iε)
for sufficiently small ε > 0, then the volume of balls B(x, ε) do not depend of the point x ,
i.e., (M, g) is ball-homogeneous. Let θ be the volume density function of (M, g). For y ∈ M
consider the vector field Vy defined on M by Vy(z) = exp−1z y ∈ Tz M ∀z ∈ M .
The property (Iε) leads to∫
B(x,ε)
(LVy θ
2
)(x ) dµ(y) = 0 ∀x ∈ M,
where (LVyθ
2)(x) denotes the Lie derivative in the direction Vy of θ2 at the point x . Let Ric
be the tensor of Ricci of (M, g). Suppose (M, g) analytic and satisfying the property (Iε) for
sufficiently small ε > 0, and Ric > λ > 0. Using the asymptotic expansion of θ2 we get
(LVy θ
2
)(x ) = 0 ∀x ∈ M and ∀y ∈ B(x, ε).
2. e -equilibrium maps
Let (M, g) be a compact Riemannian manifold and µ a measure on M . We suppose that for
any point x ∈ M and each real number ε > 0, there exists a measure µεx such that the family
(µεx)x∈M of measures satisfies the following symmetry property (see [5]): For any integrable
function F : M × M −→ R,∫
M
∫
M
F(x, y) dµεx (y) dµ(x ) =
∫
M
∫
M
F(x, y) dµεy(x ) dµ(y). (S)
Let N be a compact and geodesically complete Riemannian manifold, i.e., two any points p
and q of N may be connected by a geodesic arc with length equals to the distance between
p and q. A map f : M −→ N is called an ε-equilibrium map, if for any x ∈ M f (x) is the
center of mass of f with respect to the measure µεx (see [5]). This means that for any point
x ∈ M we have∫
M
d2( f (x ), f (y)) dµεx (y) = minq∈N Pf (q ) ,
where Pf (q) =
∫
M d
2(q, f (y)) dµεx(y) and d denotes the distance function on N .
In the following we consider N = M , f = idM and the measure µ as the volume element
on (M, g). For x ∈ M and ε > 0 sufficiently small we put µεx = µ on B(x, ε) and µεx = 0 on
M\B(x, ε), where B(x, ε) is the ball with center x and radius ε. For radii ε sufficiently small, the
balls B(x, ε) are convex. Then the minimum in M of the integral P(q) = ∫M d2(q, y) dµεx(y) =∫
B(x,ε) d
2(q, y) dµ(y) exists and is unique. Although the identity map has not its image in a
convex ball as required in the definition of center of mass (see [6]), we can consider the unique
minimum in M of P(q) as the center of mass of the identity map with respect to µεx .
We say that a compact and geodesically complete Riemannian manifold has the property (Iε),
if the identity is an ε-equilibrium map with respect to the family (µεx)x∈M of measures. Equiv-
alently a compact and geodesically complete Riemannian manifold (M, g) has the property
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(Iε), if for any x ∈ M∫
B(x,ε)
d2(x, y) dµ(y) = min
q∈M
∫
B(x,ε)
d2(q, y) dµ(y) .
This means that for any x ∈ M and any vector v ∈ Tx M ,∫
B(x,ε)
〈exp −1x y, v〉 dµ(y) = 0 .
For x ∈ M consider the map φix : M −→ R defined by φix(y) = 〈exp−1x y, ei 〉 ∀y ∈ M , where
(ei )
n
i=1 is an orthonormal basis of Tx M . The property (Iε) is equivalent to∫
B(x,ε)
φ
i
x (y) dµ(y) = 0 ∀x ∈ M and ∀i = 1 , . . . , n .
This means that for every x ∈ M the mean value M̂x(ε, φix) of φix on the ball B(x, ε) is, for
i = 1, . . . , n, equal to zero. Let gi j be the components of the metric g in a normal coordinate
system (xi ) centered at the point x in M . Let θ =
√
det(gi j ) be the volume density function of
(M, g). We have the following
Proposition 2.1. Let (M, g) be an n-dimensional analytic Riemannian manifold. If (M, g)
satisfies the property (Iε) for any sufficiently small ε > 0, then
1(φ
i
x )(x ) = 0 ∀x ∈ M and ∀i = 1 , . . . , n
where 1 is the Laplace–Beltrami operator of (M, g).
The proof of this proposition uses the following result:
Lemma 2.1. ([4]) Let f be a Cω function on M. The non-normalized mean-value of f on the
sphere S(m, r) with center m and radius r can be written as follows:∫
S(m,r)
f dσ = 2pirn−1
∞∑
k=0
(
r
2
)2k 1
k!0(n/2+ k) 1˜
k
x [ f θ ](x )
where σ is the induced Riemannian measure on S(m, r) and 1˜m the Euclidean Laplace-
operator on M defined in a normal coordinate system (xi ) at m by 1˜m =
∑n
i=1(∂
2/∂x2i ) and
1˜km = 1˜m(1˜k−1m ).
The Euclidean Laplace-operator is defined only in normal coordinate system and for a Cω
function f we have (1˜m f )m = (1 f )m . But it is in general false that (1˜km f )m = (1k f )m for
k > 1.
Proof of Proposition 2.1. We suppose that (M, g) has the property (Iε) for any sufficiently
small ε > 0. Then∫
B(x,ε)
φ
i
x (y) dµ(y) = 0 ∀x ∈ M and ∀i = 1, . . . , n .
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By Lemma 2.1, we have
ε
n
∞∑
k=0
2pin/2
2k + n
(
ε
2
)2k 1
k!0(n/2+ k) 1˜
k
x [φix θ ](x )
∀ε > 0, ∀x ∈ M and ∀i = 1, . . . , n
From this relation, it follows that
1˜
k
x (φ
i
x θ )(x ) = 0 ∀k ∈ N , ∀x ∈ M and ∀i = 1, . . . , n .
This implies that
1˜x (φ
i
x θ )(x ) = 0 ∀x ∈ M and ∀i = 1, . . . , n .
But 1˜x(φixθ)(x) = 1(φixθ)(x). Hence 1(φixθ)(x) = 0. ¤
Let Ric and τ be the Ricci tensor and the scalar curvature of (M, g) respectively. We have
Proposition 2.2. Let (M, g) be an analytic Riemannian manifold. If (M, g) satisfies the prop-
erty (Iε) for any sufficiently small ε > 0, then
2〈∇2φix , Ric〉(x )+ 3〈∇φix , ∇τ 〉(x ) = 0 ∀x ∈ M and ∀i = 1, . . . , n .
For the proof of this proposition, we need the following result
Lemma 2.2. ([4]) The mean-value, M̂x(r, f ), of a Cω function f on the ball B(x, r) admits
the following expansion:
M̂x (r, f ) = f (x )+ A(n + 2)(x )r2 + B(n + 2)(x )r4 + o(r6 ) ,
with
A(n) = 1
2n
1 f ,
B(n) = 1
24n(n + 2)
(
312 f − 2〈∇2 f, Ric〉− 3〈∇ f, ∇τ 〉+ 4
n
τ1 f
)
.
Proof of Proposition 2.2. Assume that (M, g) has the property (Iε) for any sufficiently small
ε > 0. Then
M̂x (ε, φ
i
x ) = 0 ∀ε > 0 sufficiently small , ∀x ∈ M and ∀i = 1, . . . , n .
By Lemma 2.2, we have
φ
i
x (x )+ A(n + 2)(x ) ε2 + B(n + 2)(x ) ε4 + o(ε6 ) = 0
for any sufficiently small ε > 0, and by definition
φ
i
x (x ) = 0 ∀i = 1, . . . , n .
Then
A(n + 2)(x ) ε2 + B(n + 2)(x ) ε4 + o(ε6 ) = 0 ∀ε > 0 sufficiently small .
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Hence
A(n + 2)(x ) = 0 and B(n + 2)(x ) = 0 ∀x ∈ M .
This proves the Proposition 2.2. ¤
We put for x ∈ M
H(x, ε) =
∫
B(x,ε)
exp −1x y dµ(y) .
In the following we compute the variations of H(x, ·) with respect to ε.
Consider ψ ∈ C∞(M) and a function h : R+ −→ R with compact support. We have∫
M
h(r2(x, y)) ψ(y) dµ(y) =
∫ ∞
0
h(t2 )
∫
S(x,t)
ψ(z) dσ(z) dt,
where dσ is the induced Riemannian measure on the sphere S(x, t). Let us take the gradient in
x of the two sides of the above equality. We get∫
M
∇(h(r2(x, y))) ψ(y) dµ(y) =
∫ ∞
0
h(t2 )∇
(∫
S(x,t)
ψ(y)dσ(y)
)
dt .
This is equivalent to∫
M
∇(h(r2(x, y))) ψ(y) dµ(y) =
∫ ∞
0
h(t2 )∇(Mx[t, ψ ]) dt, (i)
where Mx [t, ψ] is the non-normalized mean value of the function ψ on the sphere S(x, t). We
now compute the left-hand side of equality (i). We have∫
M
∇(h(r2(x, y))) ψ(y) dµ(y) =
∫
M
h′(r2(x, y))∇r2(x, y) ψ(y) dµ(y)
=
∫ ∞
0
h′(t2 )
(∫
S(x,t)
∇r2(x, y)ψ(y)dσ(y)
)
dt
=
∫ ∞
0
h′(t2 )Mx
[
t, ∇r2(x, ·)ψ ] dt
=
∫ ∞
0
1
2
√
t
h′(t )Mx
[√
t , ∇r2(x, ·)ψ ] dt
= −
∫ ∞
0
h(t )
∂
∂t
( 1
2
√
t
Mx
[√
t , ∇r2(x, ·)ψ ]) dt.
Relation (i) then becomes
−
∫ ∞
0
h(t )
∂
∂t
( 1
2
√
t
Mx
[√
t , ∇r2(x, ·)ψ ]) dt = ∫ ∞
0
h(t )∇Mx
[√
t , ψ
]
dt
for all functions h ∈ C∞(R+) with compact support. It follows that
∇Mx
[√
t , ψ
] = − ∂
∂t
( 1
2
√
t
Mx
[√
t , ∇r2(x, .)ψ ]) .
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or equivalently
∇Mx [t, ψ ] =
1
4t3
Mx [t, ∇r2(x, .)ψ ]−
1
4t2
∂
∂t
Mx [t, ∇r2(x, .)ψ ] .
Evaluating this equality for ψ = 1, we get
− 1
4ε2
∂2
∂ε2
H(x, ε)+ 1
4ε3
∂
∂ε
H(x, ε) = ∇ ∂
∂ε
m̂(x, ε) ,
where m̂(x, ε) is the volume of the ball B(x, ε) with center x and radius ε. From the variations
of H(x, ·) we get the following ball-homogeneity result
Theorem 2.1. Let (M, g) be a connected Riemannian manifold. If (M, g) satisfies the property
(Iε) for any sufficiently small ε > 0, then m(x, ε) and m̂(x, ε) are independent of the point
x ∈ M , where m(x, ε) and m̂(x, ε) are the volumes of the sphere S(x, ε) and of the ball B(x, ε)
respectively.
Proof. From the variations of H(x, ε) with respect to ε we have
− 1
4ε2
∂2
∂ε2
H(x, ε)+ 1
4ε3
∂
∂ε
H(x, ε) = ∇ ∂
∂ε
m̂(x, ε) ,
If (M, g) has the property (Iε) for any sufficiently small ε > 0, then
∂2
∂ε2
H(x, ε) = ∂
∂ε
H(x, ε) = 0 .
Thus
∇ ∂
∂ε
m̂(x, ε) = 0 .
From the connectedness of M , we then obtain
m(x, ε) = ∂
∂ε
m̂(x, ε) = const for all x ∈ M. ¤
We assume that two any points x0 and z in M are connected by a unique minimal geodesic and
we put
T zx0 = exp z ◦ Azx0 ◦ exp −1x0 : B(x0, ε) −→ B(z, ε) ,
where Azx0 : Tx0 M −→ Tz M is the Riemannian parallel translation along the geodesic arcjoining x0 and z.
Using the local homogeneity result in Theorem 2.1, we obtain
Proposition 2.3. Assumptions are as in Theorem 2.1. Furthermore we suppose that for two
neighboring points x0 and z the relation exp−1x0 (T
z
x0
y) = exp−1x0 y + exp−1x0 z holds for all y ∈
B(x0, ε). Let v be a given vector in Tx0 M. If (M, g) satisfies the property (Iε) for any sufficiently
small ε > 0, then the map φx0 : y 7→ 〈exp−1x0 y, v〉 satisfies locally the mean value property.
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Proof. We have∫
B(z,ε)
φx0 (y) dµ(y) =
∫
B(z,ε)
〈exp −1x0 y, v〉 dµ(y)
=
∫
B(x0,ε)
〈exp −1x0 (T zx0 y), v〉 dµ(y)
=
∫
B(x0,ε)
〈exp −1x0 y + exp −1x0 z, v〉 dµ(y)
=
∫
B(x0,ε)
〈exp −1x0 y, v〉 dµ(y)+
∫
B(x0,ε)
〈exp −1x0 z, v〉 dµ(y).
Since (M, g) has the property (Iε), we have
∫
B(x0,ε)〈exp−1x0 y, v〉 dµ(y) = 0, and then∫
B(z,ε)
φx0 (y) dµ(y) = 〈exp −1x0 z, v〉
∫
B(x0,ε)
dµ(y)
= 〈exp −1x0 z, v〉 m̂(x0, ε)
= 〈exp −1x0 z, v〉 m̂(z, ε) by Theorem 2.1
= φx0 (z) · m̂(z, ε).
Hence we get
φx0 (z) =
1
m̂(z , ε)
∫
B(z,ε)
φx0 (y) dµ(y) .
This proves the result. ¤
As we are going to see, compact Riemannian manifolds with volume-preserving geodesic
symmetries satisfy the property (Iε) for any sufficiently small ε. Let (M, g) be a Riemannian
manifold and x ∈ M . For any point y ∈ M we put y = expx(ru), where r is the geodesic
distance between x and y and u the unit vector tangent at x to the minimal geodesic joining x
and y. The geodesic symmetry at the point x is the map sx : M −→ M defined for y = expx(ru)
by sx(y) = expx(−ru). We have the following
Proposition 2.4. Let (M, g) be a compact Riemannian manifold. If for any point x ∈ M the
geodesic symmetry at x is volume-preserving, then (M, g) satisfies the property (Iε) for any ε
satisfying 0 < ε 6 inf(Inj(M),Conv(M)), where Inj(M) and Conv(M) are the injectivity and
the convexity radius of M respectively.
Proof. Let (M, g) be a compact Riemannian manifold, x ∈ M and ε a real number satisfying
0 < ε 6 inf(Inj(M),Conv(M)). The real number ε being smaller than the injectivity radius of
M , the inverse of the exponential map at x realises a diffeomorphism of the ball B(x, ε) ⊂ M
to a ball B(0, ρ) ⊂ Tx M and we have∫
M
exp −1x y dµ
ε
x (y) =
∫
B(x,ε)
exp −1x y dµ(y) =
∫
B(O,ρ)
u dvol(u) ,
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where d vol = (expx)∗(dµ) is the volume element on Tx M induced by the exponential map.
Now we suppose that (M, g) has volume-preserving geodesic symmetries. Then the volume
density function θx at any point x ∈ M satisfies the relation
θx (y) = θx (sx(y)) ,
where sx is the geodesic symmetry at the point x . It follows that the corresponding volume
density function on the tangent space Tx M , θ˜x , is an even function, i.e., θ˜x(v) = θ˜x(−v) ∀v ∈
Tx M . We then have∫
B(O,ρ)
u dvol(u) = 0 .
Thus ∫
M
exp −1x y dµ
ε
x (y) = 0 ,
or equivalently,
x = min
q∈M
∫
M
d2(q, y) dµεx (y) .
The real number ε being smaller than the convexity radius of M , the ball B(x, ε) is con-
vex. Therefore the point x is the unique minimum in M of P(q) = ∫M d2(q, y) dµεx(y). It
follows that the point x is the center of mass with respect to the measureµεx of the identity map.
This proves the result. ¤
Riemannian manifolds with volume-preserving geodesic symmetries are called d’Atri spaces
(see [4]). Compact harmonic manifolds and compact locally symmetric spaces are also examples
of Riemannian manifolds satisfying the property (Iε). For more information about harmonic
manifolds see [9], [10] and [7].
In the following we examine the consequences of the property (Iε) on the Lie derivative of
the volume density function. We have:
Theorem 2.2. Let (M, g) be a n-dimensional manifold. We put ω = θ2 = det g. If (M, g)
satisfies the property (Iε), then∫
B(x,ε)
(LVyω)(x ) dµ(y) = 0 for all x ∈ M ,
where (LVyω)(x) is the Lie derivative at x of ω in the direction of tangent vectorfield Vy : z ∈
M 7−−→ Vy(z) = exp−1z y ∈ Tz M.
For the proof we need the following result
Lemma 2.3. ([3, pp. 30–31]) The notations being as in Theorem 2.2, we have for any tangent
vectorfield X
L X (ω) = trace(L X g) ω ,
where L X (ω) denotes the Lie derivative of ω in the direction of X.
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Proof of Theorem 2.2. For y ∈ M , consider the vectorfield Vy : z 7−−−−→ Vy(z) = exp−1z y.
By the above lemma we have
1
ω(x)
(LVyω)(x ) = (trace(LVy g))(x ) .
But we also know that
trace(LVy g) = 2 div Vy .
It follows that
1
ω(x)
∫
B(x,ε)
(LVyω)(x ) dµ(y) = 2
∫
B(x,ε)
(div Vy )(x ) dµ(y) .
The divergence of Vy being computed relatively to x , we have∫
B(x,ε)
(div Vy )(x ) dµ(y) = div
(∫
B(x,ε)
Vy(x ) dµ(y)
)
.
If (M, g) has the property (Iε), then
∫
B(x,ε) Vy(x) dµ(y) = 0. Hence∫
B(x,ε)
(LVyω)(x ) dµ(y) = 0. ¤
From Theorem 2.2 and using the asymptotic expansion of the volume density (see [2]), we get
Corollary 2.1. Let (M, g) be an analytic connected Riemannian manifold. Suppose that there
exists a constant λ > 0 such that Ric > λ or Ric 6 −λ. If (M, g) satisfies the property (Iε),
then
(LVyω)(x ) = 0 ,
for any x ∈ M and any y ∈ B(x, ε).
Proof. For any point y sufficiently closed to x , we put y = expx ru, where u is the unit vector
tangent to the minimal geodesic joining x and y and r the distance between x and y. For
sufficiently small r the asymptotic expansion of ω at the point y is given by (see [2])
ω(y) = 1− Ric(u, u) 13 r2 − ∇u Ric(u, u) 16 r3 + o(r4 ) .
Then
− ∇uω = ∇u(Ric(u, u) 13 r2 )+ ∇u(∇u Ric(u, u)) 16 r3 + ∇u(o(r4 ))
= 13 r2∇u Ric(u, u)+ Ric(u, u)∇u 13 r2 + ∇u Ric(u, u)∇u 16 r3
+ 16 r3∇2uu Ric(u, u)+ ∇u(0(r4 ))
but
∇ur2 = 〈grad r2, u〉 = 〈2 exp−1x y, u〉 = 〈2r u, u〉 = 2r ‖u‖2 = 2r
and
∇ur3 = 3r2 .
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We then have
− ∇uω = 13 r2∇u Ric(u, u)+ 23 r Ric(u, u)+ 12 r2∇u Ric(u, u)+ r3 Ar,u
= r( 23 Ric(u, u)+ 56 r∇u Ric(u, u)+ r2 Ar,u ) ,
where Ar,u depends of r , of u, of curvature terms and their covariant derivatives. For sufficiently
small r the term 23 Ric(u, u) is dominant in the sum
2
3 Ric(u, u) + 56r∇u Ric(u, u) + r2 Ar,u .
Suppose Ric > λ > 0. Then there exists ε > 0 such that for all 0 < r 6 ε, we have
2
3 Ric(u, u)+ 56r∇u Ric(u, u)+ r2 Ar,u > 0. Hence ∇uω 6 0 for 0 < r 6 ε and then
Lexp−1x yω = ∇ruω = r∇uω 6 0 ∀y ∈ B(x, ε). (∗)
If now (M, g) satisfies the property (Iε), then from Theorem 2.2 and inequality (∗) we get
(LVyω)(x ) = 0 ∀x ∈ M and ∀y ∈ B(x, ε) .
Use analogous method in the case Ric 6 −λ. This proves the result. ¤
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